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SUMMARY 

A f i n i t e - e l e m e n t  G a l e r k i n  f o r m u l a t i o n  has been deve loped t o  s t u d y  t r a n s -  
v e r s e  magnet ic  (TM)  wave p r o p a g a t i o n  i n  two-d imensional  S-curved d u c t s  w i t h  
b o t h  p e r f e c t l y  c o n d u c t i n g  and a b s o r b i n g  w a l l s .  The r e f l e c t i o n  and t r a n s m i s s i o n  
a t  t h e  e n t r a n c e s  and t h e  e x i t s  o f  t h e  curved d u c t s  a r e  d e t e r m i n e d  by  c o u p l i n g  
t h e  f i n i t e - e l e m e n t  s o l u t i o n s  i n  t h e  c u r v e d  d u c t s  t o  t h e  e i g e n f u n c t i o n s  o f  an 
i n f i n i t e ,  u n i f o r m ,  p e r f e c t l y  c o n d u c t i n g  d u c t .  Example s o l u t i o n s  a r e  p r e s e n t e d  
f o r  a d o u b l e  m i t r e d  and S-ducts o f  v a r i o u s  l e n g t h s .  The l e n g t h  o f  t h e  S-duct  
i s  f o u n d  t o  s i g n i f i c a n t l y  e f f e c t  t h e  r e f l e c t i v e  c h a r a c t e r i s t i c s  o f  t h e  d u c t .  
Also, t h e  e f f e c t  o f  c u r v a t u r e  o n  an a b s o r b i n g  d u c t  w a l l  i s  i l l u s t r a t e d .  

INTRODUCTION 

E l e c t r o m a g n e t i c  p r o p a g a t i o n  i n  c u r v e d  d u c t s  (wave g u i d e s )  p l a y s  an impor-  
t a n t  ro le  i n  many p r a c t i c a l  p h y s i c a l  systems. I n  microwave power g e n e r a t i o n  
systems fo r  example ( r e f .  1 ,  pp.  315-3171. bends or c o r n e r s  a r e  r e q u i r e d  t o  
a l t e r  t h e  d i r e c t i o n  of t h e  wave. 
i t i e s ,  r e f l e c t i o n  from t h e  bends can be s i g n i f i c a n t .  To b e t t e r  u n d e r s t a n d  t h e  
e l e c t r o m a g n e t i c  t r a n s m i s s i o n  p r o p e r t i e s  o f  a bend, a f i n i t e - e l e m e n t  G a l e r k i n  
f o r m u l a t i o n  has been deve loped t o  s t u d y  wave p r o p a g a t i o n  i n  c u r v e d  S-shaped 
d u c t s .  Both  p e r f e c t l y  c o n d u c t i n g  and a b s o r b i n g  w a l l s  w i l l  be c o n s i d e r e d .  

S i n c e  curves  or c o r n e r s  r e p r e s e n t  d i s c o n t i n u -  

NOMENCLATURE 

A+ n mode a m p l i t u d e  o f  p o s i t i v e  g o i n g  e n t r a n c e  waves, e q u a t i o n  ( 1 5 )  

mode a m p l i t u d e  of r e f l e c t e d  n e g a t i v e  g o i n g  e n t r a n c e  waves, 
e q u a t i o n  (15)  

mode a m p l i t u d e  of p o s i t i v e  g o i n g  e x i t  waves, e q u a t i o n  ( 1 8 )  

An 
B+ n 

b '  c h a r a c t e r i s t i c  d u c t  h e i g h t  

d i mens i on 1 e s s e n t r a n c e  he i gh t bA/ b ' 

d i m e n s i o n l e s s  e x i t  h e i g h t  b k / b '  

ba 

bb 

speed o f  l i g h t  i n  vacuum c; 
- 
E d i m e n s i o n l e s s  harmonic  e l e c t r i c  f i e l d  v e c t o r ,  

e,,ey,e, u n i t  v e c t o r s  i n  c o o r d i n a t e  d i r e c t i o n s  

f d i m e n s i o n l e s s  f r e q u e n c y ,  e q u a t i o n  ( 7 )  



H 

H X  x component o f  magnet ic  i n t e n s i t y  H 

d i m e n s i o n l e s s  harmonic  magnet ic  i n t e n s i t y  v e c t o r ,  H'(x,y,z)/H; 

H x  i magnet ic  i n t e n s i t y  a t  node i 

n o r m a l i z i n g  magni tude of magnet ic  i n t e n s i t y  

f i n i t e - e l e m e n t  a p p r o x i m a t i o n  t o  H x  
- 
H X  

k wave number, w / c  

kz  n a x i a l  modal wave number, e q u a t i o n s  ( 1 6 )  and ( 1 7 )  

L d i m e n s i o n l e s s  l e n g t h ,  L ' / b '  

M number o f  e lements  

m mode number, e q u a t i o n  (20) 

N number o f  nodes 

Nm number of modes 

N1,N2,N3 l o c a l  i n t e r p o l a t i o n  shape f u n c t i o n s  

n mode number, e q u a t i o n  ( 1 5 )  

n o u t w a r d  normal u n i t  v e c t o r  
- 

S l e n g t h  o f  l i n e  segment on  boundary 

t d i m e n s i o n l e s s  t i m e ,  t '  

A i  w e i g h t ,  e q u a t i o n  (25) 

c; 

X d i m e n s i o n l e s s  t r a n s v e r s e  d i s t a n c e .  x ' / b '  

Y d i m e n s i o n l e s s  t r a n s v e r s e  d i s t a n c e ,  y ' l b '  

Z d i m e n s i o n l e s s  a x i a l  d i s t a n c e ,  z ' / b '  

d i e l e c t r i c  c o n s t a n t ,  E ' / & ;  

d i e l e c t r i c  c o n s t a n t  i n  e n t r a n c e  d u c t ,  & ; / E ; )  

r 

a 

E 

E 

E '  p e r m i t t i v i t y  

I 
p e r m i t t i v i t y  i n  vacuum 

0 
E 

E complex p e r m i t t i v i t y ,  e q u a t i o n  ( 5 )  
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r e l a t i v e  p e r m e a b i l i t y ,  P r  

PI d i m e n s i o n a l  p e r m e a b i l i t y  

p e r m e a b i l i t y  i n  vacuum 

0 d i m e n s i o n l e s s  conductance,  a'b'/c;c; 

W I  

w d i m e n s i o n l e s s  a n g u l a r  v e l o c i t y ,  w ' b ' / c '  

S u b s c r i p t s  

a e n t r a n c e  r e g i o n  

b e x i t  r e g i o n  

X,Y,Z s c a l a r  vector components 

S u p e r s c r i p t s  

( 1 )  r e g i o n  1 

( 2 )  r e g i o n  2 

angu l  a r  ve 1 oc i t y  

0 

I d i m e n s i o n a l  q u a n t i t y  

T t r a n s  pose 

- v e c t o r  q u a n t i  t y  

GEOMETRICAL MODEL 

I n  t h e  f i n i t e - e l e m e n t  m o d e l i n g  of t h e  cu rved  d u c t s  t o  be p r e s e n t e d ,  an 
S-shaped p r o f i l e  has been c l o s e d  t o  approx imate  t h e  two-d imens iona l  c r o s s -  
s e c t i o n a l  p r o f i l e  t h a t  m i g h t  be found  i n  a t y p i c a l  bend, as shown i n  f i g u r e  1 .  
The S-shaped p r o f i l e  can be p r e s c r i b e d  by a s imp le  t h i r d - d e g r e e  p o l y n o m i a l  o f  
t h e  form 

where t h e  d i m e n s i o n l e s s  d u c t  c o o r d i n a t e s  a r e  d e f i n e d  as 

y 2  
bb 

and b i  i s  t h e  h e i g h t  o f  t h e  s t r a  

d u c t .  The S-curve d e f i n e d  by  equat  

g h t  e n t r a n c e  d u c t  l e a d i n g  i n t o  t h e  cu rved  

on ( 1 )  has z e r o  s lope  a t  z / L  o f  0 and 1 ;  

3 



p r o v i d i n g  a smooth t r a n s i t i o n  from a s t r a i g h t  e n t r a n c e  t o  t h e  cu rved  t e s t  s e c -  
t i o n .  I n  t h e  f o r e g o i n g  e q u a t i o n s ,  t h e  p r ime ,  I ,  i s  used t o  denote a d imens iona l  
q u a n t i t y  and t h e  unpr imed d e f i n e s  a d i m e n s i o n l e s s  q u a n t i t y .  T h i s  c o n v e n t i o n  
w i l l  be used t h r o u g h o u t  t h i s  paper .  These and a l l  o t h e r  symbols used i n  t h e  
r e p o r t  a r e  d e f i n e d  i n  t h e  n o m e n c l a t u r e .  

T h i s  paper w i l l  focus on t h e  i n t e r a c t i o n  o f  a p r o p a g a t i n g  d u c t  mode t r a v e l -  
i n g  down t h e  u n i f o r m  e n t r a n c e  d u c t  w i t h  t h e  curved w a l l  as shown i n  f i g u r e  2.  
The r e f l e c t i o n  and t r a n s m i s s i o n  a t  t h e  e n t r a n c e  and e x i t  o f  the  c u r v e d  d u c t  a r e  
de termined by c o u p l i n g  t h e  f i n i t e - e l e m e n t  s o l u t i o n s  i n  t h e  cu rved  d u c t  t o  t h e  
e i g e n f u n c t i o n s  o f  t h e  i n f i n i t e ,  un i fo rm,  p e r f e c t l y  c o n d u c t i n g  e n t r a n c e  and e x i t  
d u c t s .  Th i s  p e r m i t s  a m u l t i m o d a l  r e p r e s e n t a t i o n  a c c o u n t i n g  f o r  r e f l e c t i o n  and 
mode c o n v e r s i o n  by t h e  n o n u n i f o r m i t y  ( r e f .  2 ) .  

GOVERNING EQUATIONS 

The g o v e r n i n g  d i f f e r e n t i a l  e q u a t i o n s  a r e  t h e  s tandard  M a x w e l l ' s  e q u a t i o n s  

M a x w e l l ' s  e q u a t i o n s  w i l l  be combined t o  form a s i n g l e  wave equa- 
a l o n g  w i t h  t h e  boundary c o n d i t i o n s  a s s o c i a t e d  w i t h  p e r f e c t l y  c o n d u c t i n g  and 
l o s s y  w a l l s .  
t i o n  f o r  t r a n s v e r s e  magnet ic  wave p r o p a g a t i o n  i n  a two-d imens iona l  d u c t .  

M a x w e l l ' s  E q u a t i o n s  

M a x w e l l ' s  c u r l  e q u a t i o n s  f o r  t i m e  harmonic  ( e + j w t )  v a r i a t i o n s  i n  t h e  e l e c -  
t r o m a g n e t i c  f i e l d s  a r e  

- - 
V x E  = - j w p r H  (3) 

where t h e  t o t a l  p e r m i t t i v i t y  i n c l u d e d  c o n d u c t i o n  

E = E - j a J w  r 

u ' b g  

C ' E '  
a = -  

0 0  

and t h e  d i m e n s i o n l e s s  f r e q u e n c y  i s  d e f i n e d  as 

f ' b g  w'b; 
f = -  w = -  w = 2 n f  

cO cO 

Heterogeneous V a r i a b l e  P r o p e r t y  Wave E q u a t i o n  

( 7 )  

The number o f  dependent v a r i a b l e s  can be reduced by  combin ing  M a x w e l l ' s  
e q u a t i o n s  (3) and ( 4 )  i n t o  a s i n g l e  wave e q u a t i o n .  
a wave e q u a t i o n  t h a t  c o u l d  be used for v a r y i n g  media p r o p e r t i e s  so t h a t  no 
s p e c i a l  t r e a t m e n t  o f  t h e  i n t e r f a c e  between m a t e r i a l s  i s  r e q u i r e d .  That  i s ,  

I t  i s  d e s i r a b l e  t o  d e v e l o p  
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t h e  same e q u a t i o n s  a p p l y  i n  t h e  d u c t  and i n  t h e  a b s o r b e r  r e g i o n  and o n l y  t h e  
m a t e r i a l  p r o p e r t i e s  a r e  changed. 

R e w r i t i n g  e q u a t i o n  (41, 

and t a k i n g  t h e  c u r l  

vx 

The c o n s t a n t s  j o  a r e  independent  
o D e r a t o r  i n  e q u a t i o n  (9); however,  
assumed a 

- 
VxH - 
j WE 

= E  - 

- 1  

o f  space and can be p u l l e d  o u t  t h e  c u r l  
E must remain  i n s i d e  s i n c e  E i s  now 

f u n c t i o n  o f  t h e  s p a t i a l  -d imens ions .  

S u b s t i  t u t  
g o v e r n i n g  

ng e q u a t i o n  (10) i n t o  e q u a t i o n  (3) y i e l d s  o u r  heterogeneous 
wave e q u a t i o n .  

(8) 

( 9 )  

( 1 1 )  

TM V a r i a b l e  P r o p e r t y  Two-Dimensional Wave E q u a t i o n  

Transverse  magnet ic  (TM)  waves w i l l  now be assumed t o  r e w e s e n t  t h e  i n a u t  
e l e c t r o m a g n e t i c  modes p r o p a g a t i n g  
S-duct .  For t h i s  two-d imensional  
one component o f  t h e  H v e c t o r  w 

down t h e  e n t r a n c e  d u c t  towa ids  t h e  curved '  
geometry ,  t h e  assumpt ion  i s  made t h a t  only 
1 1  e x i s t  i n  t h e  p r o b l e m  domain, t h a t  i s ,  

(12)  z )  = H x ( y , z ) e  X 

where e, i s  a u n i t  v e c t o r  i n  t h  x d i r e c t i o n  ( i n t o  t h e  paper  as-shown i n  
f i g .  2 ) .  The magni tude o f  t h e  s i n g l e  x component o f  t h e  v e c t o r  H depends 
o n l y  on t h e  two s p a t i a l  d imens ions  y and z .  E q u a t i o n  (12)  i s  a v a l i d  
s o l u t i o n  i n  b o t h  t h e  s t r a i g h t  and cu rved  d u c t  s i n c e  i t  i d e n t i c a l l y  s a t i s f i e s  
M a x w e l l ' s  d i v e r g e n c e  e q u a t i o n s  for magnet ic  f i e l d s .  

S u b s t i t u t i n g  e q u a t i o n  (12)  i n t o  e q u a t i o n  (11)  and p e r f o r m i n g  t h e  r e q u i r e d  
m a n i p u l a t i o n  y i e l d s  

n (13 )  

5 



I n  v e c t o r  form, 
1 2 - VHx + w prHx = 0 V 
E 

(14)  

E q u a t i o n  ( 1 4 )  r e p r e s e n t s  t h e  g o v e r n i n g  wave e q u a t i o n  t o  be s o l v e d  by  
f i n i t e - e l e m e n t  t h e o r y .  

UNIFORM DUCT ANALYTICAL SOLUTIONS 

The a n a l y t i c a l  s o l u t i o n s  o f  e q u a t i o n  ( 1 4 )  for wave p r o p a g a t i o n  i n  t h e  
u n i f o r m  p e r f e c t l y  c o n d u c t i n g  d u c t  h a v i n g  an anecho ic  e n t r a n c e  and e x i t  w i l l  be 
employed t o  g i v e  t h e  t e r m i n a t i o n  boundary c o n d i t i o n  f o r  t h e  f i n i t e - e l e m e n t  
r e g i o n .  
between p e r f e c t l y  c o n d u c t i n g  p a r a l l e l  p l a t e s  i s  g i v e n  as ( r e f .  3 ,  p .  458) :  

The a n a l y t i c a l  s o l u t i o n  o f  e q u a t i o n  ( 1 4 )  f o r  TM waves t r a v e l i n g  

n= 1 n= 1 

+ - j k  z For t h e  ,jot t i m e  dependence used h e r e ,  t h e  Ane zn t e r m  r e p r e s e n t s  a 

wave p r o p a g a t i n g  i n  t h e  p o s i t i v e  z d i r e c t i o n  w h i l e  t h e  A i e j k z n Z  t e r m  
r e p r e s e n t s  a wave moving i n  t h e  n e g a t i v e  z d i r e c t i o n .  

The a x i a l  wave number 

= + k  kzn 

k z n  i n  e q u a t i o n  ( 1 5 )  i s  

( 1 6 )  

A s i m i l a r  s o l u t i o n  e x i s t s  a t  t h e  e x i t ,  e x c e p t  o n l y  p o s i t i v e  g o i n g  waves 
a r e  c o n s i d e r e d .  

= 1 B; cos ( ( n  - bb l > n  y) e - j k  zn z 
Hxb 

n= 1 

( 1 8 )  

BOUNDARY CONDITIONS 

A v a r i e t y  o f  boundary c o n d i t i o n s  w i l l  be used i n  t h e  f i n i t e - e l e m e n t  s o l u -  
t i o n  of e q u a t i o n  (14)  f o r  t h e  model p rob lem wh ich  i s  d i s p l a y e d  i n  schemat ic  

6 



form i n  f i g u r e  2 .  
d i s c u s s e d .  

Each o f  t h e  r e q u i r e d  c o n d i t i o n s  w i l l  now be b r i e f l y  

I n p u t  C o n d i t i o n  

The a n a l y s i s  assumes a g i v e n  number Nm o f  p r o p a g a t i n g  A i  modes 

( e q .  1 5 ) .  These modes e f f e c t i v e l y  s e t  t h e  l e v e l  o f  t h e  magnet ic  f i e l d  i n  t h e  
f i n i t e - e l e m e n t  r e g i o n  and can be v iewed as t h e  e q u i v a l e n t  D i r i c h l e t  boundary 
c o n d i t i o n s  r e q u i r e d  f o r  e l l i p t i c  boundary v a l u e  prob lem as d e f i n e d  b y  
e q u a t i o n  ( 1 4 ) .  

The modal e x p r e s s i o n  r e p r e s e n t e d  by  e q u a t i o n  ( 1 5 )  has been t r u n c a t e d  t o  a 
t o t a l  o f  Nm modes o f  t h e  i n f i n i t e  number p o s s i b l e .  Thus, a t o t a l  o f  Nm 

unknown modal a m p l i t u d e s  A T ,  A i ,  . . . AN have been i n t r o d u c e d .  Nm con- 

s t r a i n t  e q u a t i o n s  w i l l  be r e q u i r e d  t o  d e t e r m i n e  each o f  t h e s e  unknown r e f l e c -  
t i o n  c o e f f i c i e n t s .  The e q u a t i o n s  used t o  d e f i n e  these c o e f f i c i e n t s  w i l l  now be 
i n t r o d u c e d .  

m 

C o n t i n u i t y  a t  I n l e t  and E x i t  

The t a n g e n t i a l  component o f  an H f i e l d  i s  c o n t i n u o u s  a c r o s s  an i n t e r f a c e  
between two p h y s i c a l l y  r e a l  media wh ich  a r e  n o t  p e r f e c t  c o n d u c t o r s  ( r e f .  4, 
eq.  ( 1 . 6 1 ) ) .  Thus, t h e  boundary c o n d i t i o n  becomes 

.., 
H x a  = H x  (Z = 0; 0 < y < ba) ( 1 9 )  

where H x a  

i n l e t  r e g i o n  g i v e n  by  e q u a t i o n  ( 1 5 )  and 

a p p r o x i m a t i o n  f o r  H x  a t  t h e  i n t e r f a c e .  The h a t  o v e r  ix i m p l i e s  an a p p r o x i -  

s e c t  i on.  

i s  t h e  modal r e p r e s e n t a t i o n  o f  magnet ic  f i e l d  i n  t h e  a n a l y t i c a l  - 
H x  r e p r e s e n t  t h e  f i n i t e - e l e m e n t  

mate finite element numerical solution t o  be discussed in detail in a following 

A t  t h e  i n l e t  t o  t h e  c u r v e d  s e c t i o n ,  shown i n  f i g u r e  2,  t h e  HYa i n  t h e  
a n a l y t i c a l  r e g i o n  g i v e n  by  e q u a t i o n  (15)  must match t h e  magnet ic  f i e l d  d e f i n e d  
by  t h e  f i n i t e - e l e m e n t  nodal  p o i n t s  a l o n g  t h e  boundary i n t e r f a c e .  Many p o s s i b l e  
m a t c h i n g  methods can by  employed for t h i s  boundary c o n d i t i o n ,  such as p o i n t  
c o l l o c a t i o n ,  l e a s t  squares,  or w e i g h t e d  r e s i d u a l s .  A w e i g h t e d  r e s i d u a l  approach 
was used h e r e i n  w i t h  t h e  w e i g h t i n g  f u n c t i o n  equal  t o  t h e  e i g e n f u n c t i o n s  f o r  t h e  
u n i f o r m  i n f i n i t e l y  l o n g  d u c t  w i t h  p e r f e c t l y  c o n d u c t i n g  w a l l s ;  

b f a  I \ 

1 [Hxa(y) - i ( y ) ]  cos (‘m bal)ny) dy = 0 a t  z = 0 
P. 

( 2 0 )  

U 

(Nm e q u a t i o n s ,  m = 1,2,3, Nm) 
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E q u a t i o n  (20)  r e p r e s e n t s  Nm s e p a r a t e  e q u a t i o n s ;  one f o r  each c o e f f i c i e n t  
d e f i n e d  i n  e q u a t i o n  ( 1 5 ) .  The symbol m has been i n t r o d u c e d  as a dummy v a r i -  
a b l e  t o  make i t  d i s t i n c t  from t h e  m u l t i p l e  n mode numbers t h a t  make up t h e  
Ha a n a l y t i c a l  f u n c t i o n .  A s i m i l a r  e q u a t i o n  e x i s t s  a t  t h e  e x i t .  

t i a l  component o f  t h e  e l e c t r i c  f i e l d  must a l s o  be c o n t i n u o u s  a c r o s s  t h e  i n t e r -  
face ( r e f .  3 ,  eq.  ( 7 - 5 2 ( a > ) ) .  U s i n g  e q u a t i o n  ( 4 )  t o  express  t h e  t a n g e n t i a l  
e l e c t r i c  f i e l d  i n  terms o f  t h e  magnet ic  f i e l d  ( r e f .  5,  eq. (7 -4) )  y i e l d s  

I n  a d d i t i o n  t o  t h e  t a n g e n t i a l  component o f  t h e  magnet ic  f i e l d ,  t h e  tangen- 

The weak form o f  t h e  f i n i t e - e l e m e n t  s o l u t i o n  w i l l  be employed i n  t h e  s o l u -  
t i o n  o f  t h i s  p r o b l e m .  I n  t h i s  form, a c o n t o u r  i n t e g r a l  t e r m  w i l l  b e  d e v e l o p e d  
which w i l l  c o n t a i n  a n a t u r a l  boundary c o n d i t i o n  of t h e  form VH n where n 
r e p r e s e n t s  t h e  u n i t  o u t w a r d  n o r m a l .  E q u a t i o n  ( 2 1 )  can be expressed i n  t h i s  
g r a d i e n t  form a t  t h e  e n t r a n c e  as 

and a t  t h e  e x i t s  

- - +E a H x b  
OHx n = -- ( e x i t )  az ‘b 

(23)  

The s i g n  change i n  e q u a t i o n s  ( 2 2 )  and (23)  comes d i r e c t l y  from t h e  d i r e c t i o n a l  
change o f  t h e  u n i t  o u t w a r d  normal n .  

P e r f e c t l y  Conduct ing  Wal l  C o n d i t i o n s  

A t  a p e r f e c t l y  c o n d u c t i n g  w a l l ,  t h e  t a n g e n t i a l  component o f  t h e  e l e c t r i c  
f i e l d  v e c t o r  i s  z e r o  ( r e f .  3, eq.  (7 -52(a) )  or  r e f .  4, eq.  ( 1 . 6 9 ) ) .  Aga in ,  
u s i n g  e q u a t i o n  ( 4 )  to  r e l a t e  t h e  e l e c t r i c  f i e l d  t o  t h e  m a g n e t i c  f i e l d  ( r e f .  5 ,  
eq. (7 -4) ) .  t h e  component o f  t h e  g r a d i e n t  o f  t h e  magnet ic  f i e l d  normal t o  a 
p e r f e c t l y  c o n d u c t i n g  w a l l  becomes 

FINITE-ELEMENT THEORY 

The f i n i t e - e l e m e n t  f o r m u l a t i o n  of t h e  e l e c t r o m a g n e t i c  wave e q u a t i o n  i s  now 
genera ted  by u s i n g  t h e  method o f  w e i g h t e d  r e s i d u a l s  t o  o b t a i n  an i n t e g r a l  form 
of t h e  v a r i a b l e  p r o p e r t y  wave e q u a t i o n  over t h e  whole ( g l o b a l )  domain D shown 
i n  f i g u r e  3 .  

8 



System D i s c r e t i z a t i o n  

The c o n t i n u o u s  domain D i s  f i r s t  d i v i d e d  i n t o  a number o f  d i s c r e t e  a reas  
s t a k e d  o u t  b y  t h e  noda l  p o i n t s  as shown i n  f i g u r e  2 .  

G l o b a l  Weighted Res idua l  Approach 

I n  t h e - c l a s s i c a l  w e i g h t e d  r e s i d u a l  manner, t h e  magnet ic  f i e l d  i n t e n s i t y  
i s  c u r v e  f i t t e d  by expand ing  i n  terms o f  a l l  t h e  unknown component H x ( y , z )  

nodal  v a l u e s  Hxi(yi,zi) 
t h a t  

and a known s e r i e s  o f  b a s i s  ( w e i g h t )  f u n c t i o n s ,  such 

where t h e  b a s i s  or w e i g h t  f u n c t i o n s  

ence o f  i X ( y , z )  i n  terms o f  H wh ich  r e p r e s e n t s  t h e  unknown v a l u e  o f  t h e  

magnet ic  f i e l d  i n t e n s i t y  component a t  t h e  
r e g i o n .  A s  b e f o r e  i n  e q u a t i o n  ( 1 9 ) ,  t h e  h a t  o v e r  t h e  Hx(y ,z )  i n d i c a t e s  t h a t  

i t  i s  t h e  approx imate  n u m e r i c a l  s o l u t i o n  t o  H x ( y , z ) .  The p r e c i s e  form o f  t h e  
known w e i g h t  wh ich  w i l l  be employed i n  t h i s  a n a l y s i s  w i l l  be p r e s e n t e d  l a t e r  
i n  t h e  s e c t i o n  e n t i t l e d  G a l e r k i n  A p p r o x i m a t i o n .  

Wi(y,z) c h a r a c t e r i z e s  t h e  s p a t i a l  depend- 

x i  
ith nod61 p o i n t  i n  t h e  g l o b a l  

Upon s u b s t i t u t i n g  t h e  assumed magnet ic  f i e l d  s e r i e s ,  e q u a t i o n  ( 2 5 > ,  i n t o  
t h e  g o v e r n i n g  wave e q u a t i o n  a t  each noda l  p o i n t ,  a d i s t r i b u t i o n  o f  e r r o r s  
r e s u l t s  t h r o u g h o u t  t h e  f i n i t e - e l e m e n t  r e g i o n  due t o  t h e  a p p r o x i m a t e  n a t u r e  o f  
t h e  assumed s e r i e s .  I n  accordance w i t h  t h e  method of w e i g h t e d  r e s i d u a l s ,  t h e  
i n t e g r a l  o f  t h e  assumed b a s i s  f u n c t i o n  W i  and t h e  e r r o r  a t  each n o d a l  p o i n t  
a r e  f o r c e d  t o  be z e r o  ( o r t h o g o n a l )  b y  l e t t i n g  

[[ Wi (V f V i x  + w 2 p i 
r x  

(i = 1 . 2 ,  . . . N 

Thus, t h e r e  a r e  N s e p a r a t e  e q u a t i o n s  ( w r  
f o r  each of t h e  N noda l  H x i  unknowns. 

By making use o f  t h e  g r a d i e n t  v e c t o r  
and G r e e n ' s  theorem i n  a p l a n e  ( r e f .  7 ,  p .  
be c o n v e r t e d  to  

r r  1 

e q u a t i o n s )  

(26) 

t t e n  i n  compact form); one e q u a t i o n  

d e n t i t y  o f  a s c a l a r  and a v e c t o r  
79 ,  eq.  ( 4 . 7 ( b > > )  e q u a t i o n  ( 2 6 )  can 

F 

(i = 1 , 2 ,  . . . N e q u a t i o n s )  

9 



I n  e f f e c t ,  t h e  second o r d e r  d i f f e r e n t i a l  e q u a t i o n  has been reduced t o  a 
f i rs t  o r d e r  e q u a t i o n  a l l o w i n g  t h e  use o f  t h e  weak f o r m u l a t i o n  o f  t h e  f i n i t e -  
e lement  t h e o r y .  

F i n i t e  E lement  A p p r o x i m a t i o n  

E q u a t i o n  ( 2 7 )  i s  v a l i d  o v e r  t h e  e n t i r e  domain D shown i n  f i g u r e  3 or any 
subdomain A,, as r e p r e s e n t e d  by  t h e  a r e a  o f  a smal l  t r i a n g u l a r  e lement  embed- 
ded i n  t h e  r e g i o n  as d e p i c t e d  i n  f i g u r e  3 .  To b e g i n  t h e  f i n i t e - e l e m e n t  a s p e c t  
of t h e  we igh ted  r e s i d u a l  method, t h e  domain D i s  assumed t o  be d i v i d e d  i n t o  
M elements d e f i n e d  by  N nodes, see f i g u r e  2 .  I n  t h i s  case, e q u a t i o n  ( 2 7 )  
can be w r i t t e n  as 

M 

VWi VHx - (e )  - Wiw pre i(e)) dydz - f, (Hi 0 E) ds = 0 
e 

e= 1 

(i = 1,2 . . . N e q u a t i o n s )  

Where t h e  p r o p e r t i e s  a r e  now g i v e n  a s u b s c r i p t  t o  i n d i c a  
v a r y  from element  t o  e lement .  A l t h o u g h  t h e  a r e a  i n t e g r a t i o n  
a p p l i e s  t o  an i n d i v i d u a l  e lement ,  t h e  l i n e  i n t e g r a l  i s  s t i l l  
g l o b a l  s u r f a c e  a r e a ,  and as such, can be t r e a t e d  independent  

- (e>  wh a r e a  i n t e g r a t i o n s .  Also, kx has been r e p l a c e d  by  H x  

e 

( 2 8 )  

e t h a t  t h e y  may 
i n  e q u a t i o n  ( 2 8 )  
d e f i n e d  o v e r  t h e  
y from t h e  l o c a l  

ch  expresses  t h e  

magnet ic  f i e l d  i n  terms o f  t h e  t h r e e  l o c a l  e lement  nodes a s s o c i a t e d  w i t h  each 
t r i a n g u l a r  e lement  as shown i n  f i g u r e  3.  

G a l e r k i n  A p p r o x i m a t i o n  

I n  t h e  method o f  w e i g h t e d  r e s i d u a l s ,  t h e  w e i g h t  W i  i s  assumed t o  be a 
known f u n c t i o n  wh ich  has t h e  p r o p e r t y  o f  b e i n g  u n i t y  a t  node i and i d e n t i c a l  
t o  z e r o  a t  a l l  o t h e r  nodes. The G a l e r k i n  a p p r o x i m a t i o n  t o  t h e  more g e n e r a l  
we igh ted  r e s i d u a l  approach assumes t h a t  W i  can be r e l a t e d  t o  l o c a l  shape 

f u n c t i o n  N i e )  (x,y> wh ich  r e p r e s e n t s  t h e  v a r i a t i o n  o f  t h e  f i e l d  v a r i a b l e  H x  
and i t s  d e r i v a t i v e s  i n s i d e  t h e  e lement .  

The form o f  t h e  l o c a l  shape m a t r i x  [ N l ( e )  depends on  t h e  t y p e  o f  e lement  

Thus, t h e  mag- 
i n s i d e  a p a r t i c u l a r  e lement  can be expressed i n  te rms o f  

used. For t h e  l i n e a r  t r i a n g u l a r  e lement  employed h e r e i n ,  t h e  known v a l u e  o f  
N ( e )  

n e t i c  f i e l d  H x ( y , z )  

t h e  l o c a l  shape f u n c t i o n  Ni (y ,z)  as fo l lows: 

can be Eound i n  t e x t s  on  f i n i t e  e lements  ( r e f .  9, p .  6). 

3 
n 
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where { H x } ( e )  i s  t h e  v e c t o r  of noda l  v a l u e s  of H x  for a g e n e r a l  e lement  e 
w i t h  s u b s c r i p t s  1 ,  2 ,  and 3 r e p r e s e n t i n g  t h e  noda l  p o s i t i o n s  as shown i n  f i g -  
u r e  3. The s u b s c r i p t s  1 ,  2 ,  and 3 t a k e  on t h e  a c t u a l  noda l  number of f i g u r e  2 
when a p p l i e d  t o  a s p e c i f i c  e lement  i n  t h e  f i n i t e - e l e m e n t  r e g i o n .  

The w e i g h t  Wi(y,z) i s  now approx imated b y  m u l t i p l e  v a l u e s  o f  Ni ( e )  . 

( 3 0 )  

i n  a l l  e lements c o n t a i n i n g  t h e  ith node. For a l l  e lements  wh ich  do  n o t  con- 
t a i n  t h e  node i ,  t h e  w e i g h t  W i  i s  assumed z e r o  n o t  o n l y  a t  a l l  o t h e r  nodes 
(as  r e q u i r e d  b y  t h e  g e n e r a l  d e f i n i t i o n  of W i )  b u t  a l s o  a t  a l l  v a l u e s  o f  y 
and z i n  t h e  e lements wh ich  do n o t  c o n t a i n  t h e  node i. Thus, W i  can be 
v i s u a l i z e d  as a m u l t i s i d e d  p y r a m i d  on a f l a t  sur face  w i t h  i t s  apex o v e r  node 
and c o r n e r s  a t  a d j a c e n t  nodes. 

R e c o g n i z i n g  t h a t  Ni 

a s s o c i a t e d  w i t h  a p a r t i c u l a r  e lement ,  t h e  f i n i t e  e lement  e q u a t i o n  (28 )  can 

i 

( e )  
i s  z e r o  for a l l  e lements n o t  h a v i n g  t h e  unknown 

H x  i 
now be w r i t t e n  i n  compact form as 

M 

(i = 1,2 ,  . . . N e q u a t i o n s )  

G l o b a l  M a t r i x  

The f i n i t e - e l e m e n t  a s p e c t s  of c o n v e r t i n g  e q u a t i o n  ( 3 1 ) ,  t h e  e n t r a n c e  con- 
d i t i o n  (20). and t h e  s i m i l a r  e x i t  c o n d i t i o n  i n t o  a s e t  o f  g l o b a l  d i f f e r e n c e  
e q u a t i o n s  can be found i n  t e x t  books as w e l l  as r e f e r e n c e  10 and for c o n c i s e -  
ness w i l l  n o t  be p r e s e n t e d  h e r e i n .  However, e q u a t i o n  (70) o f  r e f e r e n c e  10 i s  
i d e n t i c a l  t o  e q u a t i o n  ( 3 1 ) .  I n  r e f e r e n c e  10, a d d i t i o n a l  d e t a i l s  can be f o u n d  
for t h e  m a n i p u l a t i o n  of e q u a t i o n  (31)  i n t o  t h e  f i n a l  f i n i t e - e l e m e n t  s o l u t i o n .  

RESULTS AND COMPARISONS 

For t h e o r y  and code v a l i d a t i o n ,  t h e  f i n i t e - e l e m e n t  s o l u t i o n  i s  f i rst 
a p p l i e d  t o  a s t r a i g h t  w a l l e d  case where a s i m p l e  e x a c t  s o l u t i o n  e x i s t s .  Nex t ,  
t h e  s o l u t i o n  i s  a p p l i e d  t o  a m i t r e d  d u c t  a p p r o x i m a t i o n  to  an S-duct for wh ich  
c e r t a i n  r e s u l t s  can be expec ted  from p r e v  ous n u m e r i c a l  s o l u t i o n s .  A s  a t h i r d  
example, t h e  f i n i t e - e l e m e n t  s o l u t i o n s  w i l  
v a r i o u s  l e n g t h s  w i t h  p e r f e c t l y  c o n d u c t i n g  boundary c o n d i t i o n s .  F i n a l l y ,  t h e  
s o l u t i o n  fo r  a curved d u c t  w i t h  an absorb  ng w a l l  w i l l  be p r e s e n t e d .  W i t h  t h e  
e x c e p t i o n  o f  t h e  f irst example,  a l l  d u c t s  a r e  a i r  f i l l e d  ( E  = E r  = 1 ,  pr = 1 ) .  

be p r e s e n t e d  f o r  a s e t  o f  S-ducts o f  

ii 



Example 1 :  R e f l e c t i o n  and T r a n s m i s s i o n  w i t h  Normal I n c i d e n c e  

Cons ider  t h e  case of an i n c i d e n t  p l a n e  magnet ic  wave H x  o f  d i m e n s i o n l e s s  
f r e q u e n c y  217 e n c o u n t e r i n g  a s t e p  change i n  t h e  d i e l e c t r i c  c o n s t a n t  from 1 t o  
4 a t  t h e  d i m e n s i o n l e s s  a x i a l  p o s i t i o n  of z equa l  t o  0.25 i n s i d e  t h e  f i n i t e -  
e lement  g r i d .  A s  shown i n  f i g u r e  4, t h e  f i n i t e  e lement  and e x a c t  a n a l y t i c a l  
( r e f .  5, c h a p t e r  5 )  t h e o r i e s  a r e  i n  good agreement for t h e  a b s o l u t e  magn i tude 
o f  t h e  magnet ic  i n t e n s i t y  H x .  A d d i t i o n a l  v a l i d a t i o n  examples f o r  p r o p a g a t i o n  
w i t h  s t r a i g h t  w a l l s  can be f o u n d  i n  r e f e r e n c e  10. 

Example 2 :  Doub le  M i t r e  A p p r o x i m a t i o n  t o  S-Duct 

A s  shown i n  f i g u r e  5 ,  a d o u b l e  90" m i t r e d  d u c t  can be r e p r e s e n t e d  as a 
rough a p p r o x i m a t i o n  t o  an S-duct .  
90" m i t r e d  d u c t  i s  w e l l  u n d e r s t o o d  from t h e  n u m e r i c a l  s t u d i e s  o f  Shepherd and 
C a b e l l i  ( r e f .  1 1 ) .  The energy  r e f l e c t i o n  c o e f f i c i e n t  o f  a s i n g l e  90" m i t r e d  
bend f o r  p l a n e  wave i n c i d e n c e  i s  shown i n  f i g u r e  6 from r e f e r e n c e  1 1 .  A s  t h e  
f requency o f  t h e  i n c o m i n g  p l a n e  a c o u s t i c  wave approaches t h e  f i rs t  mode cu t -on  
f r e q u e n c y ,  t h e  t r a n s m i t t e d  mode shape i n  t h e  e x i t  p o r t i o n  of t h e  m i t r e d  d u c t  
approaches t h e  shape o f  t h e  f i r s t  h i g h e r  o r d e r  mode. Consequent ly ,  as shown 
i n  f i g u r e  6,  n e a r l y  a l l  t h e  incoming e n e r g y  i s  r e f l e c t e d  back down t h e  d u c t ,  
s i n c e  t h e  t r a n s m i t t e d  wave i s  c u t - o f f  and c a n n o t  c a r r y  energy .  For v e r y  low 
f r e q u e n c y  n e a r l y  a l l  i t s  e n e r g y  i s  t r a n s m i t t e d  down t h e  d u c t  w h i l e  a t  h i g h e r  
f r e q u e n c i e s  comple te  r e f l e c t i o n  of energy  i s  expec ted ,  as d e p i c t e d  by  t h e  r a y  
a p p r o x i m a t i o n  shown i n  f i g u r e  6 .  

P lane wave a c o u s t i c  p r o p a g a t i o n  i n  a s i n g l e  

A s  seen i n  f i g u r e s  5 and 7 ,  combin ing  two 90" m i t r e d  d u c t s  p roduces  a 
rough a p p r o x i m a t i o n  f o r  an S-duct .  A s  shown i n  f i g u r e  7 ,  t h e  r e a r  and f o r w a r d  
f a c e s  have been f i t t e d  w i t h  a s t e e p  S-curve.  The m o d i f i e d  d o u b l e  m i t r e d  d u c t  
has r o u g h l y  t h e  same c h a r a c t e r i s t i c  as t h e  s i n g l e  m i t r e d  d u c t ,  as seen i n  f i g -  
u r e  7 .  The energy  r e f l e c t i o n  c o e f f i c i e n t  approaches u n i t y  n e a r  t h e  f i r s t  c u t -  
o f f  ( b u t  s l i g h t l y  l e s s ) ,  a t  low f r e q u e n c i e s  t h e  wave i s  passed u n a t t e n u a t e d ,  
and a t  h i g h e r  f r e q u e n c i e s  t h e  r e f l e c t i o n  c o e f f i c i e n t  i s  near  u n i t y .  I n  a d d i -  
t i o n ,  a low f r e q u e n c y  hump appears a t  a f r e q u e n c y  of w n e a r  1.5.  Perhaps 
t h e  d u c t  i s  now a c t i n g  a n a l o g o u s l y  t o  an a c o u s t i c  expans ion  chamber a t  low 
f r e q u e n c y  wh ich  has s i m i l a r  t y p e s  o f  humps due t o  resonance e f f e c t s  ( r e f .  12,  
p .  8 ) .  

Example 3:  S-Duct 

I n  t h e  t h  r d  example,  t h e  e n e r g y  r e f l e c t i o n  c o e f f  c i e n t  was d e t e r m i n e d  
for t h e  S-duct shown i n  f i g u r e  8 f o r  v a r i o u s  l e n g t h s .  G e n e r a l l y ,  as t h e  
l e n g t h  i n c r e a s e s  t h e  r e f l e c t e d  energy  decreases .  I n  c o n t r a s t  to  t h e  m i t r e d  
d u c t ,  t h e  r e f l e c t e d  energy  approaches a minimum a t  t h e  f i rs t  node cu t -on  
f r e q u e n c y  o f  3 .14 .  Aga in ,  a t  t h e  l o w e r  f r e q u e n c i e s ,  t h e  energy  i s  n e a r l y  a l l  
t r a n s f e r r e d  down t h e  d u c t .  The energy  f l u x  was d e t e r m i n e d  by  c a l c u l a t i n g  t h e  
P o y n t i n g  v e c t o r  i n  t h e  i n l e t  and o u t l e t  d u c t  from t h e  c a l c u l a t e d  modal 
c o e f f i c i e n t s .  
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Example 4: Wal l  Absorbers  

F i g u r e  9 shows d u c t  c o n f i g u r a t i o n s  w i t h  an a b s o r b i n g  r e g i o n  a l o n g  t h e  
upper and lower w a l l s  o f  t h e  d u c t .  F i g u r e  9 ( a >  show t h e  s t r a i g h t  w a l l  c o n f i g -  
u r a t i o n  w h i l e  f i g u r e  9 ( b >  shows t h e  cu rved  w a l l  c o n f i g u r a t i o n .  For t h e  same 
a b s o r b i n g  m a t e r i a l ,  t h e  a t t e n u a t i o n  o f  b o t h  d u c t s  w i l l  be compared. The w a l l  
m a t e r i a l  w i l l  have a r e l a t i v e  p e r m e a b i l i t y  o f  4 .1  and a complex p e r m i t t i v i t y  o f  
1 - j 2 . 8 3 .  An i n c i d e n t  p l a n e  wave o f  d i m e n s i o n l e s s  f r e q u e n c y  w o f  27r i s  
assumed. F i g u r e  10 d i s p l a y s  t h e  f i n i t e - e l e m e n t  g r i d  used f o r  b o t h  
c o n f i g u r a t i o n s .  

For t h e  s t r a i g h t  d u c t ,  t h e  a x i a l  component of t h e  energy  l e v e l  ( P o y n t i n g  
v e c t o r )  i s  shown i n  f i g u r e  1 1 .  The d rop  i n  l e v e l  i s  due t o  g r a z i n g  a b s o r p t i o n  
by t h e  w a l l s .  
n e t i c  f i e l d  f o r  t h e  s t r a i g h t  d u c t  absorber  c o n f i g u r a t i o n .  The s o l i d  l i n e  draw- 
i n g  shows t h e  comple te  c o n t o u r s ,  w h i l e  t h e  symbols a r e  p l o t t e d  a t  s e l e c t i v e  
p o i n t s  i n  t h e  companion f i g u r e  so t h a t  t h e  a c t u a l  magni tude of t h e  c o n t o u r  can 
be r e a d i l y  d e t e r m i n e d .  For  convenience t h e  magn i tude o f  t h e  magnet ic  f i e l d  has 
been r e n o r m a l i z e d  between 0 and 1 a c c o r d i n g  t o  t h e  f o r m u l a  

F i g u r e  12 d i s p l a y s  c o n t o u r  p l o t s  of t h e  magn i tude o f  t h e  mag- 

1 H x c o n t o u r  

where Hxma, i s  t h e  maximum v a l u e  
p l o t t i n g  domain and Hxmin i s  t h e  
domai n .  

"xmax 
- - (32 )  

o f  magn i tude o f  t h e  magnet ic  f i e l d  i n  t h e  
minimum v a l u e  o f  H x  i n  t h e  p l o t t i n g  

A s  seen i n  f i g u r e  12, t h e  maga ,e t i c  f i e l d  has decreased t o  near  z e r o  a t  
t h e  w a l l s  b u t  remains  r e l a t i v e l y  h i g h  i n  t h e  c e n t e r  o f  t h e  d u c t .  I n  e f f e c t ,  
e l e c t r o m a g n e t i c  energy  beams th rough  t h e  c e n t e r  o f  t h e  d u c t .  Th i s  shou ld  n o t  
occu r  i n  t h e  cu rved  d u c t ,  because a more normal t y p e  impingement a b s o r p t i o n  
w i l l  t a k e  p l a c e .  

F n r  thP r i i rvp r i  riiirt thP a v i a l  rnmnnnpnt nf t h o  P n P r n v  l p v o l  i c  chnwn in . -. _.." - - .  .-" "..--, %.." -,..-. """r-,.""- -. - . , -  =, . " .  - .  , - ....-..., , .. 
f i g u r e  13. For t h e  s t r a i g h t  d u c t ,  t he  decrease i n  d u c t  e x i t  power due t o  w a l l  
absorption was -3 .73 dB, while for the curved duct the decrease i n  exit energy 
due t o  w a l l  a b s o r p t i o n  and r e f l e c t i o n  was -18.5 dB. 
t h e  i n l e t  due t o  t h e  change i n  d u c t  c u r v a t u r e  and w a l l  impedance was - 1 3 . 4  dB. 
The d rop  i n  energy  l e v e l  a t  t h e  e x i t  o f  t h e  c u r v e d  d u c t  i s  c o n s i d e r a b l y  l a r g e r  
than  t h e  s t r a i g h t  d u c t  due t o  t h e  more normal i n c i d e n c e  o f  t h e  magnet ic  f i e l d  
on t h e  a b s o r b i n g  w a l l s .  F i g u r e  14 d i s p l a y s  t h e  magnet ic  f i e l d  c o n t o u r s .  I n  
t h i s  case,  t h e  cu rved  w a l l  p r e v e n t s  t h e  beaming down t h e  c e n t e r  which o c c u r s  i n  
a s t r a i g h t  d u c t .  Consequent ly ,  t h e  magnet ic  f i e l d  q u i c k l y  damps to  near  z e r o .  

The r e f l e c t e d  energy  a t  

CONCLUDING REMARKS 

A f i n i t e - e l e m e n t  G a l e r k i n  f o r m u l a t i o n  was deve loped t o  s t u d y  t r a n s v e r s e  
magnet ic  ( T M )  wave p r o p a g a t i o n  i n  two-d imens iona l  cu rved  S-shaped d u c t s  w i t h  
b o t h  p e r f e c t l y  c o n d u c t i n g  and a b s o r b i n g  w a l l s .  The d e r i v a t i o n s  from M a x w e l l ' s  
equa t ions  assumed t h a t  t h e  m a t e r i a l  p r o p e r t i e s  c o u l d  v a r y  w i t h  p o s i t i o n  r e s u l t -  
i n g  i n  a nonhomogeneous v a r i a b l e  p r o p e r t y  two-d imens iona l  wave e q u a t i o n .  T h i s  
e l i m i n a t e d  t h e  n e c e s s i t y  o f  f i n d i n g  t h e  boundary c o n d i t i o n s  between t h e  d i f -  
f e r e n t  m a t e r i a l s .  Consequent ly ,  a complex s t r u c t u r e  can be e a s i l y  modeled 

13 



s i m p l y  by changing t h e  p r o p e r t y  o f  e lements  i n  t h e  f i n i t e - e l e m e n t  domain.  The 
r e f l e c t i o n  and t r a n s m i s s i o n  a t  t h e  e n t r a n c e  and t h e  e x i t  o f  t h e  c u r v e d  d u c t  a r e  
de termined e x a c t l y  b y  c o u p l i n g  t h e  f i n i t e - e l e m e n t  s o l u t i o n s  i n  t h e  c u r v e d  d u c t  
t o  t h e  e i g e n f u n c t i o n s  o f  an i n f i n i t e ,  u n i f o r m ,  p e r f e c t l y  c o n d u c t i n g  d u c t .  

The n u m e r i c a l  f o r m u l a t i o n  i s  r e l a t i v e l y  s i m p l e  t o  use and appears t o  g i v e  
v e r y  a c c u r a t e  r e s u l t s .  Example s o l u t i o n s  a r e  p r e s e n t e d  f o r  a doub led  m i t r e d  
and S-duct o f  v a r i o u s  l e n g t h s  and w i t h  p e r f e c t l y  c o n d u c t i n g  and a b s o r b i n g  d u c t  
w a l l s .  The l e n g t h  of t h e  S-duct i s  found t o  s i g n i f i c a n t l y  a f f e c t  t h e  r e f l e c -  
t i v e  c h a r a c t e r i s t i c s  o f  t h e  d u c t .  Also, w a l l  c u r v a t u r e  i s  shown to  g r e a t l y  

I enhance t h e  a b s o r p t i o n  p r o p e r t i e s  o f  a d u c t .  

~ 
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FIGURE 1. - S-DUCT GEOMETRY AND COORDINATE SYSTEM. 
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EXACT ANALYSIS 
0 NUMERICAL SOLUTION 

0 
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AXIAL CORRDINATE, Z 

FIGURE 4. - A COMPARISON OF THE MAGNITUDE OF THE AXIAL 
MAGNETIC INTENSITY VARIATION ALONG THE LOWER WALL I N  
A UNIFORM DUCT WITH PERFECTLY CONDUCTING WALLS AND A 

1.0 AND E r 2  = 4.0) AS OBTAINED BY USING AN EXACT SOLU- 
TION AND A F I N I T E  ELEMENT SOLUTION FOR A PLANE WAVE 
(MODE-ONE) INCIDENT AT z = 0 WITH W =  27T. 

CHANGE I N  PROPERTIES OF THE MEDIA AT Z OF 0.25 ( E r l  = 

SINGLE 90' DOUBLE 90' MITRE S-DUCT 
MITRE 

FIGURE 5. - DOUBLE MITRE APPROXIMATION TO S-DUCT. 
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FIGURE 6. - ENERGY REFLECTION COEFFICIENT OF 90' MITRED 

BEND FOR PLANE WAVE INCIDENCE AS A FUNCTION OF FRE- 
QUENCY (REF. 11). 
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FIGURE 7. - ENERGY REFLECTION COEFFICIENT OF DOUBLE NITRE 
APPROXIMATION TO S-DUCT FOR PLANE WAVE INCIDENCE AS A 
FUNCTION OF FREQUENCY. 
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FIGURE 8. - ENERGY REFLECTION COEFFICIENT OF S-DUCT FOR 
PLANE WAVE INCIDENCE AS A FUNCTION OF FREQUENCY. 



(A)  STRAIGHT DUCT. 

(B) CURVED DUCT. 
FIGURE 9. - ABSORBING WALL DUCT CONFIGURATIONS. 
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(A) STRAIGHT DUCT. 

(B) CURVED DUCT. 
FIGURE 10. - DISCRETIZATION OF AIR FILLED WAVE GUIDE WITH 

ABSORBERS HOUNTED ALONG BOTH UPPER AND LOWER WALLS. 
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FIGURE 11. -. EFFECT OF UPPER AND LOWER WALL ABSORBERS 
ON THE MAGNITUDE OF THE AXIAL FLUX OF ENERGY (POYNT- 
ING VECTOR) FOR A FIVE-MODE MODAL EXPANSION I N  THE 
ENTRANCE AND EXIT DUCTS. 
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FIGURE 12. - CONTOUR PLOTS OF MAGNETIC FIELD AMPLITUDE. 
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FIGURE 13. - EFFECT OF UPPER AND LOWER WALL ABSORBERS ON 
THE MAGNITUDE OF THE AXIAL FLUX OF ENERGY (POYNTING 
VECTOR) FOR A FIVE-MODE MODAL EXPANSION I N  THE ENTRANCE 
AND EXIT WCTS. 
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FIGURE 14. - CONTOUR PLOTS OF MAGNETIC FIELD AMPLITUDE. 
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